The general solution for the static, spherical and asymptotically flat braneworld is derived by solving the bulk Einstein equation and braneworld dynamics. We show that it involves a large arbitrariness, which reduces the predictive powers of the theory. Ways out of the difficulty are discussed.
stein type gravity. Let X I be the bulk coordinate, and g IJ (X K ) be the bulk metric at the point X K [38] . Let the brane be located at X K ) of the brane cannot be a dynamical variable, since it alone cannot completely specify the state of the braneworld [38] . Then, the action integral is given by S = S g + S Y + S m with (1)
where S m is the matter action, g = det g IJ , R = R
IJK is the bulk curvature tensor written in terms of g IJ ,g = detg µν , and λ, κ, andλ are constants. We add no artificial fine-tuning terms. The equations of motion derived from (1) are
and those for matters, where T IJ andT µν are the energy momentum tensors with respect to g IJ andg µν , respectively [38] . Eq. (4) is the bulk Einstein equation, and eq. (5) is the Nambu-Goto equation for the braneworld dynamics. The Einstein equation of the brane does not exist.
In accordance with the ansatze of staticity and sphericity, we introduce time, redial, polar and azimuth coordinates, X 0 = t, X 1 = r, X 2 = θ, and X 3 = ϕ, respectively, and the normal geodesic coordinate X 4 = z, such that X µ = x µ (µ = 0, · · · , 3) and z = 0 at the brane. According to staticity and sphericity we can generally choose the metric tenser g IJ of the form
where f , h and k are functions of r and z only, and we choose as k| z=0 = r 2 using diffeomorphism. Asymptotic flatness of the brane implies that f, h → 1 as r → ∞ at z = 0.
The independent non-vanishing components of the Ricci tensor R IJ are
where subscripts r and z indicate partial differentiations. We first solve the bulk Einstein equation (4) alone without brane dynamics (5) . For a while, we also discard emptiness assuming that T IJ is not necessarily vanishing. Staticity and sphericity imply that only T 00 , T 11 , T 22 , T 44 and T 14 among T IJ are independent, and functions of z and r only. We rewrite the equation (4) into the equivalent form
where those with (I, J)=(0,0), (1,1), (2,2), (4,4) and (1, 4) are independent. We have five equations for three functions f , h and k. Now we show that the five equations are not all independent. The Bianchi identity of the curvature tensor and covariant conservation low of energymomentum tensor imply
We expand every quantity in terms of z. We denote by A [n] (r) the coefficient of the z n term in the expansion of any function A(r, z):
Let us assume F 00 = F 11 = F 22 = 0. Then, we have
for n ≥ 1. The right-hand side of eqs. (17) and (18) are linear combinations of F [n] 44 = 0 for any n ≥ 1. Thus, the independent equations to be solved are
From the viewpoints of (19) and (20) the treatment in Ref. [36] is insufficient, because there we considered only F 00 = F 11 = F 22 = F 44 = 0 on the brane. It was, however, reasonable that we considered only on-brane equations, since only they are essential to determine the brane physics, as will be seen soon. The equations in (19) imply the recursion formulae
for n ≥ 2. The right-hand side of eqs. (21) , and k [n] for any n ≥ 2. Therefore, we can uniquely derive f , h and k in a bulk region around the brane if we know f , h, k, f z , h z and k z on the brane. They are, however, not all independent, but should obey eq. (20) . For notational simplicity, we define the variables φ, ψ, a, b and c with
Remember that we have chosen as k [0] = r 2 using diffeomorphism. The matrix diag(a, b, c, c) gives the extrinsic curvature of the brane. Eliminating f [2] , h [2] and k [2] from eq. (20) with (21)- (23) for n = 2, we obtain
where τ IJ = T IJ | z=0 . The first line of (27) is equal to −R/2, whereR is the scalar curvature of the brane. Note thatR is not equal to the bulk scalar curvature R at the brane.
Thus, we have two equations (26) and (27) for five functions φ, ψ, a, b and c for a given set of τ 14 and τ 44 . Therefore, the solution includes three arbitrary functions. Now, we choose a, b and c arbitrarily. If a = b, eqs. (26) and (27) are solved to give the solution:
with an arbitrary constant η and the functions
On the other hand, if a = b, the functions c and φ are arbitrary, and the solution is given by
with an arbitrary constantη and the functions
The ranges of integration in (28) , (29), (34) and (35) are chosen in accordance with the asymptotic flatness of the brane. The denominators in (31), (32) , (36) and (37) are not identically vanishing because, if so, we have
with a constant C, and the brane cannot be asymptotically flat. Thus, the solutions for f , h and k with φ, ψ, a, b and c by (28) and (29) or (33) and (34) expire all the solutions of the bulk Einstein equation (4) So far we considered the solutions starting with choosing a, b and c as the three arbitrary functions. We can choose other sets of the arbitrary functions. If we choose f , h and a + 2c as arbitrary, the equations (26) and (27) become, respectively, a linear and a quadratic algebraic equations for a and b, and they are solved easily. Then, we can obtain another expression for the general solution of the bulk Einstein equation (alone). Now we turn to the solution for the "braneworld". It is a thin physical object accompanied by matter distribution in the region |z| < δ, where δ is the infinitesimal thickness of the brane. The bulk region outside the brane is separated into two regions D ± with ±z > δ. The Einstein equation inside the brane and the infinitesimal nature of the thickness δ lead to the Israel junction condition [39] . The extrinsic curvature diag(a, b, c, c) should have a gap across the brane. We denote in α ± = α| z=±δ for α = a, b, c, andᾱ = (α + + α − )/2 and ∆α = α + − α − . The matters obey the equations of motion derived from the action S Y + S m , where the collective mode Y I is assumed to be separated and to obey the Nambu-Goto equation (5) . Here we assume dominance of the collective mode in the energy-momentum tensor. Then, the Nambu-Goto equation and the the Israel junction condition implyā
where ∆ is a constant. Since T ± IJ = 0 in D ± , eqs. (26) and (27) implȳ
Now, we have three equations (39), (41) and (42) Therefore the general solution involve large arbitrariness which reduces the predictability of the theories. It includes the cases where it coincides with the Schwarzschild solution on the brane. It also includes, however, continuously deformed solutions which do not satisfy the brane Einstein equation. It involves arbitrarily deformed Newtonian potentials, and arbitrary amount of light deflections and planetary perihelion precessions due to solar gravity. We need further physical prescriptions to make these predictions. In some models, people require Z2 symmetry with respect to the brane. In this case, we have
−R + 3∆ 2 + 2κλ = 0.
